JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 28, No. 6, November-December 2005
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The scheduling problem arising from refueling multiple satellites in a circular constellation is studied. It is as-
sumed that no fuel is delivered to the constellation from an external source. Instead, all satellites in the constellation
are assumed to be capable of refueling each other [peer-to-peer (P2P) refueling]. The total time to complete the
rendezvous maneuvers including the refueling itself is specified. During the refueling period, each satellite may
conduct a fuel exchange with at most one other satellite. Whenever two satellites perform a fuel transfer, only one
is active; that is, only one of the two satellites initiates an orbital transfer to rendezvous with the inactive satellite.
After the transfer of fuel is completed, the active satellite returns to its original orbital slot. The goal is to equalize
the fuel among the satellites in the constellation after one refueling period while minimizing the total fuel consumed
during the orbital transfers. It is shown that this problem can be formulated as a maximum-weight-matching prob-
lem on the reduced constellation graph, which can be solved using standard numerical methods. Numerical results
indicate the benefits of a P2P strategy over a single-spacecraft refueling strategy for constellations with a large

number of satellites.

Introduction

HE current practice when the fuel onboard a satellite is ex-

hausted is simply to replace the satellite with a new one. As a
result, the lifespan of a satellite is limited, typically to a few years,
depending on its initial amount of fuel. Replacing old satellites with
new ones incurs significant cost in the production and launching of
satellites, not to mention the addition of space debris. An alterna-
tive to replacing a satellite when its fuel is depleted is to create a
satellite architecture having the capability of refueling the satellites
when needed. Under this concept, a satellite may be refueled after
it runs low on fuel, thus extending its operation. Satellites in a con-
stellation can be refueled either from a vehicle launched from the
Earth for that purpose, or from other satellites in the constellation.

During the past two decades, both NASA and the Department
of Defense, as well as some individual companies and organi-
zations, have conducted numerous studies of servicing and refu-
eling in space.'™® These studies have shown that fluid resupply
of on-orbit spacecraft is feasible and would allow for extended
spacecraft use.

Although refueling capability is currently not part of the standard
spacecraft operational requirements, the technology required for
spacecraft refueling on orbit is quickly becoming available.>-%0~12
In fact, it is envisioned that in the near future satellite refueling
(or servicing for that matter) will become routine.'> Several studies
by NASA as well as private industry have shown the economic
and operational benefits of satellite servicing, refurbishing, and
refueling.!*!5 By the same token, decentralized optimal refueling
algorithms will require satellites with significantly more autonomy
and decision-making capabilities than current ones to implement
refueling algorithms with minimal ground intervention. The recent
trend to increase onboard processing power and autonomy of or-
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biting satellites'®!”7 seems, therefore, to go hand-in-hand with the

approach proposed in this paper. Finally, note that propellant resup-
ply in space not only extends the life of a satellite, but can also be
used to enhance the payload capability of an orbital transfer vehicle.
As shown in Ref. 18, for instance, a manned mission to Mars can
benefit from the periodic refueling of the manned ship from fuel
tankers launched in advance for that purpose. Similarly, the opera-
tional capabilities of a lunar mission can be enhanced manyfold by
refueling the transfer vehicle in low Earth orbit via an orbiting fuel
tanker, before it sets off for its journey to the moon.!*-?

Much of the previous work on satellite refueling has been lim-
ited to hardware design and/or feasibility studies for transferring
liquid in space. A brief overall conceptual study of this topic may
be found in Ref.12. Only recently, the scheduling problem arising
from refueling multiple satellites has received attention. Shen and
Tsiotras*! studied the optimal scheduling strategy for refueling or
servicing multiple satellites in a circular orbit using a single ser-
vicing spacecraft. Integer programming was proposed in Ref. 21 to
obtain the best schedule of refueling the satellites in a given order. A
heuristic study suggested that the best sequence to visit all satellites
can be chosen from the sequences that assume the minimum of the
so-called total sweep angle.?! On aslightly different note, in Ref. 22,
the authors considered the optimal scheduling problem for servic-
ing multiple satellites in a geosynchronous orbit by a single service
vehicle. The orbits of the satellites are assumed to have small incli-
nations. The problem was to find the order of satellite visits such
that the total fuel consumption is minimized. In Ref. 22, the total
time for the transfers was assumed to be sufficiently long so that
the fuel consumption of in-plane maneuvers is negligible. In such
a case, the fuel consumption is mainly due to the plane changes.
It is shown that, owing to the small inclination, the fuel consump-
tion is proportional to the distance between the projections on the
equatorial plane of the angular momentum vectors of the orbits of
the two satellites. Thus, the minimum-fuel ordering is transformed
into the classical traveling salesman problem, for which numerous
algorithms exist.??

In both Refs. 21 and 22, refueling/servicing problems were stud-
ied for which a single satellite visits all of the satellites in the constel-
lation. In this paper, we study a different scenario, which arises from
the need to redistribute fuel within a satellite constellation without
a designated refueling spacecraft. Therefore, it is assumed that no
extra fuel is delivered to the constellation. Instead, all satellites in
the constellation are capable of refueling each other. Consequently,
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satellites with excess fuel must deliver fuel to the satellites that are
depleted of, or are low on, fuel. The purpose of refueling is to re-
distribute the amount of fuel or propellant equally among all of the
satellites in the constellation to extend the lifespan of the constella-
tion while minimizing the fuel consumed during the transfers.

A refueling scenario that seeks fuel equalization among the satel-
lites in the same constellation using multiple satellite fuel transfers
within the constellation will be hereto called the peer-to-peer (P2P)
refueling problem. The blanket assumption here is, of course, that
the constellation is operational only if all satellites have an accept-
able minimum amount of fuel. Unequal fuel distribution among the
satellites in a constellation may be the result of failures, diverse op-
erational requirements, slightly different orbits, etc. It could also be
the result of a prior refueling of a small number of the satellites in
the constellation by an external refueler, in a mixed (single/multiple
satellite) refueling strategy. By mixed refueling strategy we mean
a strategy that involves at least two stages. During the first stage,
a single spacecraft refuels only part (perhaps half) of the satellites.
During the second stage, the satellites that received fuel during the
first stage act as go-betweens and distribute the fuel to the rest of
the constellation in a P2P manner. We discuss such a scenario in the
“Numerical Examples” section. There, it is shown that mixed refuel-
ing strategies may outperform single-spacecraft refueling especially
as the number of satellites in the constellation increases.

Incidentally, the criterion of fuel equalization used in this paper
as the overall performance objective is not restrictive, and it is con-
sidered only for the sake of simplicity. Unequal fuel distribution
between satellites having distinct operational requirements can be
easily accommodated in the proposed framework; see the discussion
after Eq. (2).

In our initial investigation of the P2P refueling problem?* we as-
sumed that the total cost is dominated by the refueling transactions
and not by the cost incurred during the rendezvous transfer. This
assumption is valid only if the times of transfer between the satel-
lites are long.2>26 Although in practice binding time constraints will
invalidate this assumption, nevertheless by neglecting the delivery
cost of the transfers, one allows the establishment of a market be-
tween the satellites in the constellation. In this market, satellites
having an amount of fuel above the constellation average are des-
ignated as the sellers, whereas satellites in the constellation having
an amount of fuel below the constellation average are designated
as the buyers. Within this market, fuel is treated as a commodity
that is bought and sold between buyers and sellers to reach an equi-
librium, that is, fuel equidistribution. The a priori separation of the
constellation satellites into sellers and buyers induces naturally a
bipartite graph, and well-known methods?”?® can be used to solve
the resulting maximum-weight matching problem on this graph.

In this paper, we relax the assumption on the negligibility of the
rendezvous cost. Indeed, in practice, the cost of the orbital transfers
may dominate the total cost, especially for severely time-constrained
refueling scenarios. An a priori separation of satellites into sellers
and buyers is no longer possible in this case. Hence, the problem
cannot be reduced to a bipartite graph. Nonetheless, we show that
by a proper use of the performance objective the problem can still
be formulated as a maximum-weight matching problem in the con-
stellation graph. The solution to this problem provides the optimal
satellite pairs. In this scenario, owing to the cost incurred during
the rendezvous maneuver, it is possible to have two satellites with
excess fuel be involved in a fuel exchange. We demonstrate these
observations via numerical examples.

The results in the paper are restricted to circular satellite con-
stellations in the same orbital plane. Multiplane orbit constellations
are not considered here because they require plane changes that are
known to be extremely fuel inefficient. In general, the cost (fuel)
required to perform a plane change maneuver will dominate the
fuel required for an in-plane maneuver unless the difference in the
orbit inclinations is small. In the case of a multiplane constellation,
the results of this paper thus have to be implemented on a plane
by plane basis. Hence, only satellite pairs within the same orbital
plane are allowed. This restriction can be easily imposed during the
formulation of the problem, as it is shown later.

The paper is organized as follows. First, the general description of
the P2P refueling problem is outlined. Then the constellation graph
is introduced. After the weights are assigned on each edge of the
constellation graph, the reduced constellation graph is derived by
removing all edges that are not feasible or not cost effective. The P2P
refueling problem is then formulated as a maximum-weight match-
ing problem, and it is solved using standard methods from linear and
integer programming. The computations for the fuel consumed dur-
ing a rendezvous maneuver associated with each fuel transaction are
also given in detail. Finally, two numerical examples demonstrating
the effectiveness of the proposed algorithm are presented, followed
by some conclusions and suggestions for future extensions of the
proposed approach.

P2P Refueling Problem

Given a constellation of n > 3 satellites C ={sy, ..., s,} with un-
equal amounts of fuel, we wish to develop a strategy to distribute the
fuel in the constellation so that at the end of this process all satellites
will have an almost equal amount of fuel. The satellites with fuel
greater than the average amount of fuel are termed fuel-sufficient
satellites, whereas the satellites with fuel less than or equal the aver-
age amount of fuel in the constellation are termed the fuel-deficient
satellites.

In a P2P refueling scenario, the satellites in the constellation per-
form rendezvouses with each other for the purpose of exchang-
ing/transferring fuel. In this paper, the combination of the two orbital
transfers and the actual fuel transfer between two satellites is called
a fuel transaction. Hence, a P2P refueling scenario consists of a set
of fuel transactions within the constellation. It will be assumed that
during a refueling transaction only one satellite, called the seller,
gives fuel to the other satellite involved in the fuel transaction. The
latter satellite is called the buyer. The set of seller satellites will be
denoted by S and the set of buyer satellites will be denoted by B. De-
pending on the amount of fuel between the two, either of these two
satellites can initiate a fuel transaction, that is, perform a rendezvous
with the other satellite, exchange fuel, and return to its original or-
bital slot. The former satellite is said to be the active satellite and
the latter satellite is said to be the passive satellite. The set of active
satellites will be denoted by A and the set of passive satellites will
be denoted by P. Note that, in general, S U B C C because not all
satellites may be involved in fuel transactions. Similarly, AUP € C
for the same reason. Clearly, SN B = and ANP = (. Also note
that it is not necessarily true that S = A or that B =P, although this
typically may be the case. For instance, it may happen that a satel-
lite, for example, s;, initiating a fuel transaction receives fuel that
is, s; € AN B, or that a passive satellite is the seller, s; e PNS. We
say that this market of buyer/seller satellites reaches an equilibrium
when the fuel distributed among all satellites is (approximately)
equal.

It is assumed that all transfers for the rendezvous between each
seller/buyer pair are two-impulse, multirevolution transfers. As
shown in Ref. 25, allowing multirevolution orbital transfers may
reduce the fuel significantly. Allowing more than two impulses, on
the other hand, offers little improvement.?

Let Z={1, 2, ..., n} be the index set of the n satellites in the
constellation and let f;, where i € Z, be the fuel stored in each
satellite. Similarly, let f[.M and f"(i € 1), be the maximum fuel
capacity and minimum required fuel for each satellite. Satellite s; is
considered operational if and only if f" < f; < f/‘” (i € 7). We are
also given a time period 7" within which all fuel transactions must
take place simultaneously. We also assume that within the given
time frame each satellite can (but is not required to) be involved in
a single fuel transaction with at most one other satellite. That is,
no two seller/buyer pairs share a common satellite during a single
refueling period.

We will assume that for each pair of satellites engaged in a fuel
transaction, for example, s; and s;, only one is the active satellite
that initiates the fuel transaction. For instance, if satellite s; € A,
it applies impulses to travel and rendezvous with satellite s; € P;
it then exchanges fuel with s;, before traveling back to its origi-
nally designated orbital slot. During the whole process, satellite s;
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remains at its preassigned orbital slot. Thus, only the active satellite
consumes fuel during the rendezvous maneuver. One can preselect
a subset of satellites to be inactive (due to, for example, operational
restrictions). These can either be satellites that do not have enough
fuel to perform rendezvous maneuvers, or they may be satellites that
are required to stay in their orbit to maintain normal operation of the
constellation. Note that the proposed active/passive P2P refueling
scheduling method is unaffected even if cooperative rendezvouses
are allowed between each pair of satellites. However, the challenge
in this case is to find a computationally efficient way to calculate
the minimum cost for the cooperative rendezvous maneuvers. There-
fore, cooperative rendezvous will not be pursued in this paper.

Let p;.’ be the fuel consumed by satellite s; to rendezvous with
satellite s; and then return to its designated orbital slot. Similarly,
let pi. be the fuel consumed by satellite s; if it is the active satellite.
Note that, in general, p! # p’j (See “Cost of Fuel Transaction”
section to follow.) Also note that during a fuel transaction between
s; and s; either one can be the active satellite, provided that it has
enough amount of fuel to rendezvous with the inactive satellite and
return to its original orbital slot. Hence, the fuel cost assigned to a
single rendezvous between satellites s; and s; is given by

p;/l , if 5; can be active but s; cannot be active

pj, if 5; can be active but s; cannot be active
Pij = . P . .

min {plj P} }, if both 5; and s; can be active

00, neither s; nor s; can be active (1)

Let f; and f,+ be the amount of fuel onboard satellite s; before
and after a fuel transaction, respectively. Given satellites s; and s;,
let g/ be the amount of fuel transferred from s; € S to s; € BB during
th_e fuel transaction. If, on the other hand s, € B and s; €S, then
gl = —g;- It follows that f+ f—pl —g and fJr i +g/if
si €A, andf. =f —g andf+ fi—ri+g 1fsJeA

To achieve fuel equalization after one refueling period, we fur-
ther assume that whenever two satellites conduct a fuel transaction
the fuel is redistributed such that the two satellites have the same
amount of fuel after the completion of the fuel transaction. That is,
if satellites s; and s; conduct a fuel transaction, we impose that

fr=r= - pij) /2 )

Note that although this is a natural choice of an objective, it is
by no means restrictive. Unequal fuel distribution can be accom-
modated via proper weighting of the fuel before and after the fuel
exchange. We will not elaborate any further on the unequal distribu-
tion problem in this paper. Instead, we will assume that Eq. (2) holds
after each fuel transaction. Similarly, and without loss of generality,
henceforth we assume that all satellites can carry the same maxi-
mum amount of fuel and that any amount of fuel is acceptable for
the satellite to be fully operational, that is, we assume for simplicity
that f* = fM and f" =0forall 1 <i,j <n.

(fF+r7

Formulation of P2P Refueling as a
Maximum-Weight Matching Problem

Constellation Graph

In this section, we formulate the P2P refueling problem as a
maximum-weight matching problem? in a graph derived from the
satellite constellation.

Given the set C, we may construct a graph G having as nodes
(or vertices) the satellites of C. We call G the constellation graph.
Associated with G is a set of vertices V={1,2,...,n} and a set
of edges £ ={(i, j) : i, j € V} connecting the nodes of G. In the
graph G, an edge between two vertices exists if a fuel transaction
between the corresponding satellites is permissible. Without loss of
generality, we will enumerate the vertices such that i <> s; for all
1 <i <n. This allows us in the sequel to refer to vertex s; or vertex
i without the danger of confusion. To each edge (i, j) € V we will
assign the minimum fuel required between the two transfers s; — s;
and s; — s; via Eq. (1). Hence, we make no distinction between

the edge (i, j) and the edge (j, i), and thus, G is an undirected
graph. The constellation graph G is then completely described by
the doublet (V, £). We summarize the preceding description in the
following definition.

Definition 1: The constellation graph, denoted by G is a graph
having the constellation satellites as its vertices. An edge between
two vertices exists if either of the two vertex satellites can initiate a
rendezvous and carry out a fuel transaction with the other.

The set of vertices connected to vertex i is called the set of neigh-
bors of i, and it is denoted by N;. The edge neighborhood of i is
defined by Q; = {(i, j) € £ : j € N;}. Note that if i has no neighbors
then no edges are connected to this vertex and Q; = . For example,
we may impose that certain satellites are not involved in any fuel
transactions due to operational constraints.

If there are no restrictions on the satellite pairs, and each satel-
lite in the constellation has enough fuel to complete the rendezvous
maneuvers, the constellation graph is a complete graph.?® If, on
the other hand, there are restrictions on certain satellite pairs due
to operational requirements, the constellation graph may not be a
complete graph. For example, to maintain a minimum level of op-
eration for the constellation, a subset of satellites may be required
to remain in their original orbital slots, while the rest are engaged in
fuel transactions. Reflected in the constellation graph, this implies
that there are no edges between the former group of satellites. Ob-
viously, if any of these satellites is involved in a fuel transaction, it
can only be passive. By removing all satellites, which are known a
priori that will not be involved in fuel transactions due to operational
restrictions, we get the core constellation graph G¢. The develop-
ments that follow still hold if we replace G with G¢. For simplicity,
in the sequel we assume that G = G°.

Cost Selection
Let f be the average fuel storage among the satellites in the
constellation, that is,

f=-= Zf.

Equalizing fuel is equivalent to minimizing the total deviation of
the fuel from the average. Thus, the objective can be written as one

of maximizing
> =T 3)

iel

Ideally, one would like to minimize the total deviation of the fuel
from the average after refueling is complete. That is, maximize

J/=_2|fi+_f+| 4

iel

instead of Eq. (3). The latter cost, however, solely concentrates on
fuel equalization and it does not penalize the fuel consumption as-
sociated with the rendezvous maneuvers. In fact, fuel equalization
and minimum transfer cost are conflicting objectives.

The reason we define the cost as in Eq. (3) is to account for sit-
uations where satellites consume excessive amount of fuel during
the rendezvous transfers just for the sake of achieving better fuel
equalization. To avoid such undesirable cases, the objective func-
tion should reflect a balance between achieving fuel equalization
and minimizing the total fuel consumption. The objective function
in Eq. (3) achieves such an objective. Because the total fuel stored
in all satellites after refueling is less than the fuel before refueling,
thatis, f* < f~, maximizing the cost (3) ensures us that fuel equal-
ization is achieved without sacrificing too much of the total fuel.

An additional reason behind the choice of Eq. (3) is that it results
in a computationally tractable solution algorithm. For instance, sup-
pose one chooses the following alternative formulation that seeks

to maximize
J==a) |ff=Ff-a-a Y p O

iel (i,j)e M
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withO) <« < 1,and M C £ are the satellite pairs that engage in fuel
transactions. This cost is a weighted (convex) sum of maximization
(4) and the total fuel consumption. With this choice, the total fuel
consumption is explicitly penalized. It can be easily shown, however,
that the use of maximization (5) does not lead to a computationally
efficient optimization problem.

Maximum-Weight Matching Problem

In graph theory, a matching in a graph is defined as a collection
of edges such that no two edges in the collection share a common
vertex. Recall that no two seller/buyer pairs share a common satel-
lite during a refueling period, which implies that the edges associ-
ated with satellite pairs that conduct fuel transactions do not share
common vertices. Therefore, the collection of these edges form a
matching?® in the constellation graph. As a result, the search for
satellite pairs to achieve fuel equalization is equivalent to the search
for a matching in the constellation graph, such that 7 in Eq. (3) is
maximized. In the following development, we will utilize this anal-
ogy to model and solve the P2P refueling problem in the framework
of a maximum-weight matching problem on the constellation graph.
That is, we will assign a weight on each edge and seek the matching
that maximizes the sum of the weights of all edges in this matching.

To this end, we associate a binary variable x;; with each edge
(i, j) € £ defined by

it (i, j) e M
Y= 0, otherwise 6)

Then, the condition for M to be a matching can be written as

follows?®:
Z xij <1,
(i.j)e Qi

VieV @)

Now, let us further elaborate on the objective function in Eq. (3).
In general, not every satellite is involved in a fuel transaction. For ex-
ample, if the number of satellites is odd, at least one satellite will be
left unmatched. Moreover, suppose that satellite s; is matched with
satellite s;. Then after the fuel transaction, the fuel stored between
the two is averaged out. Therefore, the contribution of satellite s; to
the objective function, denoted by c;;, is given by

aj=—|(fm+ 17 =pi) /2= ]
This is the same as the contribution from satellite s;. On the other
hand, if a satellite, for example, satellite s;, is not matched with
any other satellite, then its fuel remains the same throughout the
refueling period. Thus, its contribution to the objective function is

—|fe =7

Utilizing the binary variables x;;, we can write the contribution to
the objective function of all matched satellites as?

Z Z (—cijxij) (8)
i€l (i,j)eQi

Similarly, we can write the contributions to the objective function
from all unmatched satellites as?

; (1 - <i,j>ZeQ,- xi./’) (=l =7 )

Then, the objective function in Eq. (3) is the sum of contributions
(8) and (9). It follows that

T=Y 3 (i =Fl-e)w-Y (=)
ieZ (i,j)eQ; iel

Because the last term in the preceding equation is constant, it can be
removed from the expression without affecting the optimal solution.
Then, we may rewrite [ as a sum over all edges, to obtain

J = Z ([ =7 |+ = F | = |+ 17 =Py =27 |)x

(i,j)e&
(10)

In the following equation, we will use 7;; to denote the coefficient
of x;; in Eq. (10), that is,

mj = = Pl = P =+ 17 =i 2]

(i, jye& (11
Therefore, the P2P refueling problem can be formulated as a
maximum-weight matching problem (MW-MP) in terms of a zero-
one integer program as the MW-MP is to maximize

E Tij Xij

(i.pe€

subject to the matching conditions (6) and (7).

Reduced Constellation Graph

The number of edges in the constellation graph can be reduced
according to the signs of the weights 7r;; in Eq. (11). Namely, the
edges with weights 77;; < 0 can be removed from the constellation
graph because any optimal solution to MW-MP does not contain
those edges. Doing so reduces the effort for solving MW-MP. The
resulting graph is called a reduced constellation graph and it is
denoted by G,.

Definition 2: The reduced constellation graph G, results from the
constellation graph G after all edges with weights less than or equal
to zero have been removed. _ _

For an edge (i, j), if f;” </~ and f; < f7, it follows from
Eq. (11) that7r;; < 0. Therefore, the reduced constellation graph does
not contain edges between fuel-deficient satellites. However, for an
edge (i, j) with f7 > f~ or f7 > f~, it is not obvious whether
m;; >0 or m;; <0. In general, it may be beneficial in terms of the
chosen objective function to have two fuel-sufficient satellites con-
duct a fuel transaction. Thus, the reduced constellation graph may
contain some edges between fuel-sufficient satellites. Note that this
is different from the case when the rendezvous cost is negligible. In
that case, all edges between fuel-sufficient satellites may be removed
from the constellation graph.?* Therefore, unlike the case in Ref. 24
where the reduced constellation graph is a bipartite graph with only
edges between fuel-sufficient and fuel-deficient satellites, here the
reduced constellation graph cannot be reduced to a bipartite graph.

After the reduced constellation graph G, is obtained, the solution
to the P2P refueling problem can be obtained by solving MW-MP
defined on G,. An efficient polynomial-time algorithm to solve
MW-MP is the one by Edmonds and Johnson.?” Its computational
complexity is O(n?).

Cost of Fuel Transaction

Before solving MW-MP, one first needs to calculate the fuel con-
sumption p;; in Eq. (2), for the two satellites to conduct a fuel
transaction. To this end, let the weight of the permanent structure of
the two satellites be m,; and m;, respectively, and let Iy,; and I;; be
the specific impulses of the propulsion system for the two satellites.
To calculate p;;, two cases need to be considered. In the first case,
satellite s; is the active satellite; in the second case, satellite s; is the
active satellite.

Case 1,s; € A

In this case, satellite s; initiates the fuel transaction. Let A\/I.",.
be the velocity change required for satellite s; to rendezvous with
satellite s; and AV;i be the velocity change required for satellite s;
to depart from satellite s; and return to its designated orbital slot.
Then the amount of fuel p,; consumed by satellite s; to rendezvous
with s; is given by®

pi = (ma + 7)1 = exp(=AVj /g011)]

where g is the gravitational acceleration at sea level.

If p;i > f;, thensatellite s; does not have enough fuel to complete
the rendezvous with s, and thus, it cannot initiate the rendezvous.
Inthis case, s; € A. Otherwise, if p,; < f;”, then satellite s; can com-
plete the rendezvous with s;, and after the rendezvous, the amounts
of fuel onboard the two satellites, denoted by f;; and f;,, are

Ja =17 — pu, fin=1r; (12)
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Before satellite s; starts the return maneuver, the amounts of fuel
in each of the two satellites, denoted by f;, and f,, are

fo="fa—g&. fo=fi+e (13)

Because satellite s; has to return to its original designated orbital
slot, it has to perform a second maneuver for the return trip. As
mentioned earlier, the velocity change of the returning maneuver is
AV?i. Thus, the fuel consumption p,; for this returning maneuver
is given by

poi = (mgi + fir — &) [1 —exp(—=AV; [golwi)]  (14)

Therefore, after satellite s; returns to its original orbital slot, the
amount of fuel onboard each satellite is given by

[ = fio = pois fi=fp (15)

Recall that the requirement is that the two satellites have the same
amount of fuel after the fuel transaction, that is, f;" = f;". This
requirement, along with Egs. (12), (13), and (15), allows us to solve
for g/ as

g;'/ = (f,_ —f —pi— Pbi)/2 (16)

Substituting gij into Eq. (14), we get the explicit expression for pj;
as

1-— exp(—AVfl-/go]spi)
1 =+ CXp(-AV;i/gOIspi)

i = Cmgi + f7+ f;7 — pu) amn

With p;; and p,; available, we obtain gl.’ from Eq. (16) and f;;
from Eq. (13). If p,; > fin, then satellite s; does not have enough
fuel to return to its original orbital slot. It follows that s; & .A. On the
other hand, if py; < f},, satellite s; has enough fuel to return and,
thus, can be the active satellite. In that case, the fuel stored in each of
the two satellites after the fuel transaction is obtained from Eq. (15).

In addition, the total fuel expense for the fuel transaction when
satellite s; is active is given by

P,-j = Dt + Dbi (18)

Case 2,s; € A

Similar results can be derived for the case when satellite s; is
the active satellite. In this case, let AV,?i be the velocity change
required for satellite s; to rendezvous with satellite s; and AV,.§ be
the velocity change required for satellite s; to depart from satellite
s; and return to its designated orbital slot.

Suppose satellite s; has enough fuel to complete the go-and-
return maneuvers. Then the amount of fuel that is necessary for
s; to rendezvous with s; is given by

ptj = (msj + fli)[l - exp(_AV/j,/gOIip/)]

and the amount of fuel needed for the return trip by satellite s; can
be calculated as

11— exp(—AVi‘J’:/golspj)
14 exp(_AVij:/gOIspj)

Thus, the total fuel expense for the fuel transaction when s; is active
is given by

poy = (2my + 7+ 7 = pij) (19)

Pﬂ- = Dij + Dbj (20)

In addition, the amount of fuel transferred from satellite s; to s; can
be calculated as

g =7 =17 —py—py)/2

and the fuel stored in the two satellites after the refueling is given
by

fi+=fj+=fj__ptj_gj‘_pbj

Finally, the cost of the fuel transaction between satellites s; and
s; is given from Eq. (1).

It is evident from the preceding analysis that, in general, p! # p’/
Note that this is true despite that the total velocity changes for satel-
lite 5; to go to s; and return, and for satellite s; to go to s; and return,
are the same. (Assume the same characteristics for both satellites.)
This is because the fuel consumption for the two satellites is different
if the satellites initially contain unequal amounts of fuel.

Numerical Examples

In this section, we provide two numerical examples to demon-
strate some of the characteristics of the P2P refueling problem.
The first example deals with a constellation of 14 satellites in a
circular orbit. The objective of this example is to provide a step-
by-step explanation how to formulate the P2P refueling problem as
an MW-MP. For the benefit of the reader, all relevant intermediate
matrices needed to compute the edge weights are explicitly given.

In the second example, we investigate the refueling of a constella-
tion of 12 satellites evenly distributed in a circular orbit. We compare
two different refueling options for this constellation. The first option
involves the standard scenario of a single spacecraft refueling the
whole constellation. The total refueling time is given, and the opti-
mal time allocation between each rendezvous is computed using the
approach outlined in Ref. 21. The second option involves a mixed
strategy that is composed of two steps. During the first step, a single
service vehicle refuels only half of the total number of satellites in
the constellation. During the second step, these satellites, in turn,
deliver the fuel to the rest of the satellites in the constellation, in a
P2P fashion. The total time to complete the refueling is the same
as in the first strategy. It is shown that a mixed strategy may lead
to a more efficient refueling than the single-refueler case. It is also
shown that the gains from the use of a mixed strategy increase as
the number of satellites increases.

Example 1

In this example, we consider a circular constellation of 14 satel-
lites as shown in Fig. 1. The satellites are evenly distributed along
the circular orbit at an altitude of 500 km. The initial amount of
fuel is shown next to each satellite in Fig. 1. It is assumed that each
satellite with a full tank of fuel has a mass of 100 units, and the per-
manent structure of each satellite weighs 60 units. Therefore, the
maximum amount of fuel stored onboard a satellite is 40 units. The
average fuel stored in the constellation before refueling is f ~ = 20.4
units. It is also assumed that all satellites have identical propulsion
systems and that the specific impulse for satellite s; is I, =300 s,
i=1,2,...,14. No additional operational constraints are imposed.
Subsequently, each satellite is allowed to pair up with any other
satellite. It follows that the constellation graph is a complete graph.

Fig. 1 Refueling scenario with 14 satellites for example 1.
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The rendezvous between two satellites is assumed to be a
minimum-AV two-impulse, multirevolution rendezvous transfer.
The velocity change for each rendezvous is calculated according to
the method presented in Ref. 25. Only multirevolution rendezvous
trajectories whose perigees are higher than the radius of the Earth
are considered valid. The total time for a fuel transaction is selected
to be T =12 orbital periods of the circular orbit. Half of the time
is allotted for the active satellites to rendezvous with the passive
satellites, and the remaining half is allotted for the active satellites
to return to their original locations. The time it takes to transfer fuel
between any two satellites is assumed to be negligible compared to
the time it takes for the rendezvous maneuvers.

Given the preceding assumptions, the fuel expenditure between
active satellite s; and inactive satellite s;, denoted by pf , can
be calculated according to Eqgs. (18) and (20). The values p; for
each satellite pair can be conveniently represented by a matrix, de-
noted by Py, such that P,(i, j) = p;.’ . For the underlying example,
P, is calculated as follows:

Nl 52 53 S4 S5 S6

J 2 J \ | \:

si = [ x 865 2075 2447 4.11 2036
55 — |85 x 2780 2398 1230 12.25
55— 12044 2769 x 403 16.12 16.00
ss — 12380 2357 398 x 1954 11.92
ss — | 392 1193 1561 1917 x 2245
ss — |19.18 11.68 1543 11.63 2218  x
57 — |26.13 1890 7.86 3.76 2207 7.65
Pr=y S li0s80 1755 719 1059 713 2019
59 — | 1376 697 1695 13.61 1654 3.30
s — | 984 318 CI 1588 1260 647
su — | o 1272 974 651 CI 3.06
s — | 663 1281 957 1253 3.08 CI
sz — | 1284 CI 310 634 942 CI
su -\ CI C Cc C C I

Each element of Eq. (21) gives the fuel consumption of the ren-
dezvous scenario where the satellite with the row index is active
and the satellite with the column index is passive. In Eq. (21), can-
not initiate (CI) and cannot return (CR) are indicated. Thus, in P;,
an entry of CI implies that the satellite of the row index cannot

51 52 53 S4 S5 S6 S7 58
\ \ \ \ \ \ { \
X 0 0 0 0 0 0 0
8.50 X 0 0 0 0 0 0
20.44 27.69 X 0 0 0 0 0
23.80 23.57 3.98 X 0 0 0 0
3.92 1193 15.61 19.17 X 0 0 0
19.18 11.68 1543 11.63 22.18 X 0 0
26.13 1890 7.86 3.76 22.07 7.65 X 0
P = 10.89 17.55 7.19 10.59 7.13 20.19 13.71 X
13.76 697 1695 13.61 16.54 3.30 10.12 21.76
9.84 3.18 0 15.88 12.60 6.47 12.58 0
0 12.72  9.74  6.51 0 3.06 3.07 0
6.63 12.81 9.57 12.53 3.08 0 0 2.94
12.84 0 3.10 634 942 0 9.22 293
0 0 0 0 0 0 0 0
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initiate the fuel transaction with the satellite of the column index;
an entry of CR implies that the satellite of the row index can ren-
dezvous with the satellite of the column index, but it cannot return
to its original orbital slot. For example, consider satellites sg, 12,
and s14. Because satellite s¢ initially has a large amount of fuel, it
can rendezvous with satellite s;, and return to its original location,
and the total fuel expense for this go-and-return maneuver is 23.76,
that is, P;(6, 12) =23.76 in Eq. (21). On the other hand, satellite
s17 initially does not have enough fuel to rendezvous with satellite
s¢, and so P;(12, 6) = CI. Therefore, satellite s;, cannot be the ac-
tive satellite if it is paired up with satellite s,. However, satellite
s12 has enough fuel to rendezvous with satellite s,4, but the fuel
consumption for this rendezvous maneuver is so large that satellite
512 does not have enough fuel left to complete the return maneuver.
In addition, satellite 54 does not have enough fuel for satellite si,.
Thus, even though satellite s;, can rendezvous with 514, it does not
have enough fuel to return to its original slot. Therefore, in Eq. (21),
Pi(12, 14) =CR.

57 53 59 $10 S11 S12 513 S14
\ . \ \ \ \ ) {
27.73 12.19 15.85 11.82 22.73 8.01 15.52 3.78
19.88 19.35 7.94 378 15.16 15.19 22.14 3.71
8.19 7.97 19.02 22.15 11.49 1142 3.72 21.63
3.89 11.59 15.11 1832 7.61 14.74 7.53 24.40
2236 7.63 18.15 14.41 24.22 3.57 1090 7.20
7.71 2140 3,59 729 350 2376 17.36 13.85

X 14.51 10.89 14.08 3.48 17.28 10.59 20.09
13.71 X 22.24 1891 15.86 3.18 3.18 12.55 @
10.12 21.76 X 3.09 6.35 18.12 18.08 9.20
12.58 CI 2.96 X 8.84 14.33 CI 5.82
3.07 CI 6.03 8.74 X CI 11.44 CI
CI 2.94 CI CI CI X 5.82 CR
922 293 CI CI CI 5.80 X CI
CI CI CI CI CI CI CI X

After computing the matrix P, we can identify the cost for a fuel
transaction between two satellites according to Eq. (1). Similarly
to p/, the values of p;; can also be represented compactly as the
elements of a matrix, denoted by P,, such that P,(i, j)= p;;. For
the underlying example, P, can be calculated as follows:

S9 S10 S11 S12 513 S14
\ \ { \ { \
0 0 22.73 0 0 3.78 <« 5
0 0 0 0 22.14  3.71 <~ 5
0 22.15 0 0 0 21.63 | <« s3
0 0 0 0 0 24.40 | <« 54
0 0 24.22 0 0 7.20 | <« s5
0 0 0 23.76 17.36 1385 | <« s¢
0 0 0 17.28 0 20.09 | <« s,
0 1891 15.86 0 0 1255 | <« sg (22)
X 0 0 18.12 18.08 9.20 | <« 59
2.96 X 0 1433 NA 582 | < sy
6.03 8.74 X NA 1144 NA <~ 51
0 0 NA X 0 NA <~ S12
0 NA 0 5.80 X NA <~ 513
0 0 NA NA NA X <~ Sia
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It can be seen that each element of P, is either a positive value,
zero, or neither active (NA). An element of P, being positive
or zero conveys the information about which satellite is active.
Namely, if P>(i, j) >0 and i > j, then s; is active. In this case,
Py(j, i)=0.1If P,(i, j)>0andi < j, then s; is active, and in this
case, P,(j, i) =0. NA implies that for the corresponding pair of
satellites, neither one can be active. Therefore, using matrix P, we
can remove from the constellation graph the edges of satellite pairs
of which neither satellite can be active.

The weight 7;; assigned to edge (i, j) is calculated according to
Eq. (11). The edge weights can also be represented in a matrix form.
A matrix denoted by IT is created, such that I1(i, j) = m;;. Because
I1(i, j)=I1(j, i) =m;;, [1is a symmetric matrix. Thus, the upper
triangular part of IT is sufficient to represent the edge weights. The
matrix IT for the underlying example is given by

S1 S 853 S4 S5 Se6 S7 Sg

o \ { \ \ { {
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Once the reduced constellation graph and the weights of the edges
are obtained, we can solve the MW-MP. The optimal matching for
this example is shown in Fig. 2, indicated by thick solid lines. The
optimal matching has seven edges. This implies that every satellite
is engaged in a fuel transaction with another satellite. The fuel stored
onboard each satellite before and after refueling is also shown next to
each vertex in the form of a fraction. The value of the numerator is the
amount of fuel before refueling, and the value of the denominator
is the amount of fuel after refueling. It can be seen that after the
whole refueling process is completed the fuel is much more evenly
distributed than before refueling. Indeed, before refueling,

14 B
S =7 =168

i=1

8.50 20.44 23.80 392 19.18 2347 16.49

X 27.69 23.57 11.93 11.68 18.90 13.65

X 398 1561 1543 7.86 12.79

X 19.17 11.63 3.76 14.21

X 10.62 9.13 11.27

X 7.65 —5.79

o= X —-0.91
X

Evidently, the weights are less than zero for edges between fuel-
deficient satellites, which are satellites from sg to s14. In addition,
there are other edges with negative weights. These are among the
edges where one end vertex is a fuel-sufficient satellite and the
other end vertex is a fuel-deficient satellite. As mentioned earlier,
edges with negative weights are removed from the constellation
graph. After removing all of these edges, we obtain the reduced
constellation graph shown in Fig. 2.

17.6
58 19.9

56
513) 155

6.4
$12: 165

20.6
55 16.5

388
S 177

0.4
S14s 177

36.0
52,904

14.0
59> 191

8.0
5105 30.4

Fig. 2 Reduced constellation graph with optimal matching for
example 1.

Y S10 S11 S12 513 S14
\ { \ { 2 \:
23.04 26.96 14.07 30.17 23.96 33.02 <~ 5
19.77 27.98 18.48 18.39 9.06 27.49 <5
12.65 7.45 19.86 20.03 26.50 7.97 <53
11.19 8.92 18.29 12.27 18.46 0.40 < 84
1.86 5.80 —5.82 15.32 8.98 11.20 <S5
11.10 7.93 11.34 —-9.36 —-2.96 0.55 <~ S
2.68 0.22 9.73 —4.48 3.58 —-7.29 <~ 57
—21.76 —1891 —15.86 —2.94 —-293 —1255]| < 88
X -296 —6.03 —18.12 —18.08 —9.20 <~ 59
X —8.74 —14.33 NA —5.82 | < S0
X NA —11.44 NA < Su
X —5.80 NA < 512
X NA <53
X <~ Si4
(23)

whereas after refueling

14
SO = 7] =30137

i=1

The total fuel spent to perform the orbital transfers of the active
satellites is 30.105.

That the rendezvous cost is taken into consideration in the for-
mulation of the problem has a large impact on the optimal satellite
pairs. In Ref. 24, the P2P refueling problem was considered, where
the rendezvous cost was assumed to be negligible. Therein, a sym-
metric matching is defined as a collection of satellite pairs such that
the satellite with the most fuel and the satellite with the least fuel pair
up, the satellite with the second most fuel and the satellite with the
second least fuel pair up, etc. In Ref. 24, it was shown that for cases
where each satellite pair in the constellation is allowed to conduct a
fuel transaction a symmetric matching is the optimal matching. In
the constellation shown in Fig. 1, the symmetric matching is given
by the collection of the following edges:

{(1, 14), (2,13), (3,12), (4, 11), (5, 10), (6, 9), (7, 8)}

As can be seen from Fig. 2, the optimal matching when the ren-
dezvous costs are taken into account is not the symmetric matching.
This is true despite the fact that in this example each satellite pair
is allowed to conduct a fuel transaction. In fact, one of the edges in
the symmetric matching, namely, (7, 8), does not even exist in the
reduced constellation graph. It has been removed from the constel-
lation graph because the weight for this edge is negative.
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Fig. 3 Evolution of solution with respect to total refueling time.

However, there is reason to believe that if we can reduce the ren-
dezvous costs in example 1, the solution to the matching problem
will change and eventually, as the rendezvous costs become negli-
gible, the symmetric matching will become the optimal matching.
It is shown in Ref. 25 that the rendezvous cost between two satel-
lites in the same circular orbit decreases monotonically as the total
time to conduct the rendezvous increases. As a result, the number
of edges involved in the optimal matching changes, depending on
the refueling period.

Figure 3 shows how the solution to the P2P refueling problem
evolves as a function of the total refueling period. Four matching
solutions are presented in Fig. 3. The total times for the four solutions
are T =6, 12, 48, and 140, as indicated in Fig. 3. In each case, half
of the time is spent by the active satellites to rendezvous with the
passive satellites, and the other half is spent for the active satellites to
depart the passive satellites and return to their original orbital slots.
Notice that the solution for 7' = 12 is precisely the one in Fig. 2. As
can be seen in Fig. 3, as the total time is reduced from 12 to 6, the
reduced constellation graph contains fewer edges, and the satellites
s7 and sg become unmatched. This is because increased rendezvous
costs cause a great amount of edges to have negative weights. On
the other hand, as the total time is increased from 12 to 48, it is
seen that the constellation graph becomes a complete graph and the
solution starts to take the shape of the symmetric matching. In fact,
the solution contains all edges from the symmetric matching except
(2, 13) and (3, 12). As the total time is increased even further, from
48 to 140, itis seen that the solution tends to the symmetric matching.

Example 2

In example 2 we consider a constellation of 12 satellites. For the
sake of simplicity, we also assume that initially all satellites have
no fuel. We wish to refuel all of the satellites in the constellation

such that at the end of the refueling period T all satellites have
the same amount of fuel. We investigate two alternative refueling
scenarios. In the first scenario, a single servicing vehicle s, refuels
all satellites in the constellation. We will refer to this as the single-
refueler strategy. In the second scenario, the satellite s, delivers
fuel to six of the satellites in the constellation. Subsequently, these
satellites refuel the remaining six satellites in the P2P fashion. We
will refer to the latter as the mixed (single-refueler/P2P) refueling
strategy. The single-refueler and the mixed refueling strategies are
schematically shown in Fig. 4. Our objective is to minimize the
total fuel consumption during the ensuing orbital transfers. Equiva-
lently, we want to maximize the total amount of fuel delivered to the
constellation.

We assume that the 12 satellites are in a circular orbit at an altitude
of 500 km and that they have the same physical characteristics as the
satellites in example 1. We also assume that the refueling vehicle s
has the same characteristics and same I, as before, with the excep-
tion of a much larger fuel tank. We will assume that s, carries an
initial amount of fuel f;;” = 500 units, and at the end of the refueling
process it is left with ;7 = 10 units of fuel, that is, a maximum of
490 units of fuel is to be delivered to the constellation. Of course,
the 490 units of fuel also contains the fuel to be consumed during
the refueling process.

Spacecraft sy is initially at a higher circular orbit than the constel-
lation orbit. It is required to return to the same orbit after completing
the refueling process. Because for both refueling strategies the ini-
tial AV, for so to reach the constellation orbit and the final AV,
for s to return to its original orbit are the same, we do not consider
the initial and final transfer maneuvers of sy as part of the opti-
mization process. For this problem, these values can be calculated
as AVy=AV;=0.2 and are the same for both refueling strategies.
Here the velocity unit is the orbital velocity of the constellation
orbit divided by 2. These AV correspond to fuel consumption
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a) Single-refueler strategy
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b) Mixed-refueling strategy

Fig. 4 Example 2, constellation with 12 evenly distributed satellites in circular orbit; comparison of two alternative refueling strategies.
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Fig. 5 Comparison between single-refueler and mixed-refueling strategies for various numbers of satellites in constellation.

of pp=44.262 and p; =6.009 units, respectively. The total time
allowed for refueling for both cases is 7' = 20.

The singe-refueler strategy involves 11 rendezvous segments as
shown in Fig. 4a. Table 1 shows the AV and the corresponding
fuel consumption for each rendezvous segments obtained from the
solution to the single-refueler scheduling problem. At the end of the
refueling process, each satellite will end up with an equal amount of
fuel fﬁ' =17.31, 1 <i < 12. The total amount of fuel consumed
during the refueling process is 490 — 12 x 17.31 =282.28. Note
that although the AV for the first 10 rendezvous segments are equal,
the corresponding fuel consumed is progressively decreased because
the mass of the refueling vehicle is reduced after each rendezvous
segment.

For the mixed refueling scenario, the first step (s, refueling satel-
lites s1—s¢) is completed in 77 =9.55 units of time, and the second
step (P2P refueling) is completed in 7, =20 — 9.55 =10.45 units

of time. After the first step, satellites 51, 57, .. ., S¢ will end up with
an equal amount of fuel f; (7,") =55.53, where 1 <i < 6. The first
step has five rendezvous segments. The AV and fuel consumption
during each segment are given in Table 2.

The remaining satellites s, ..., s, are refueled during the sec-
ond step of the mixed refueling strategy using an optimal pairing
with satellites sy, . . ., s¢ by solving the corresponding P2P refueling
problem. The optimal pairs, along with the corresponding values of
AV and fuel consumptions are shown in Table 3.

After the second step is completed, the final amounts of
fuel in each satellite are as follows: f;" = f,;F = f;f = fii = ft =
fy=1937, f;F=fF === f = f;F =19.30, leading to
an average fuel of f* = 19.34. The total fuel spent during the orbital
transfers is 490 — 12 x 19.34 =257.92. Thus, the mixed single-
vehicle/P2P strategy is more efficient than the pure single-vehicle
strategy in this case.
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Table1 Optimal AV and fuel consumption for
refueling with single spacecraft

Segment AV; Di

1 0.182 35.9811
2 0.182 32.1340
3 0.182 28.5647
4 0.182 25.2531
5 0.182 22.1805
6 0.182 19.3297
7 0.182 16.6847
8 0.182 14.2307
9 0.182 11.9538
10 0.182 9.8412
11 0.3804 15.8278

Table 2 Optimal AV and fuel consumption
during first step of mixed-refueling strategy

Segment AV; Dij

1 0.182 33.222
2 0.182 26.8151
3 0.182 20.8707
4 0.182 15.3554
5 0.182 10.2382

Table 3 Optimal pairs and corresponding AV and fuel
consumption for P2P stage of mixed-refueling strategy

Pairs (i < j) AV Pti AV Pbi Pij

1< 10 0.2023 9.2317 0.2208 7.5531 16.7848
2«11 0.2023 9.2317 0.2208 7.5531 16.7848
312 0.2023 9.2317 0.2208 7.5531 16.7848
4«7 0.2208 10.0386 0.2023 6.8871 16.9257
5«8 0.2208 10.0386 0.2023 6.8871 16.9257
6<9 0.2208 10.0386 0.2023 6.8871 16.9257

Of course, it is not the case that the mixed refueling strategy will
always outperform the single-refueler strategy. The relative merit
between the two refueling strategies relies on the number of satellites
and the total refueling time. Figure 5 shows the results from the
comparison between these two refueling strategies as the number of
satellites in the constellation varies, while keeping the total refueling
time constant (7 = 20). Figure 5 shows that the mixed strategy leads
to better results as the number of satellites increases.

Conclusions

In this paper, we have studied the problem of optimal fuel equal-
ization and distribution among satellites in a circular constellation.
We have introduced and investigated the case when no fuel is de-
livered to the constellation from an external source but instead each
satellite has the capability of receiving or delivering fuel to any other
satellite in the constellation. This so-called P2P refueling problem
has been formulated as an maximum-weight matching problem and
solved using standard methods from linear and integer program-
ming. Numerical examples indicate that a refueling strategy that
incorporates a P2P step may lead to reduced delivery costs, espe-
cially as the number of satellites increases.

Several generalizations to the proposed P2P baseline refueling
scenario are immediate, and are currently under investigation. First,
unequal fuel distribution (arising, for example, from diverse opera-
tional requirements for each satellite) can easily be accommodated
using weighted averages in the problem formulation. Asynchronous
implementations for each P2P rendezvous segment (where the refu-
eling time for each satellite pair as well as the go-and-return portions
of each transfer are not equal) are also possible and, indeed, lead
to more efficient refueling than the synchronous P2P implementa-
tion discussed here. Relaxing the assumption of a single refueling

period is also straightforward. More involved is the relaxation of
the assumption that each satellite is either active or passive dur-
ing a single refueling period. For instance, it may be beneficial to
consider scenarios where a satellite takes fuel from one satellite
and delivers it to another satellite within a single refueling period.
The incorporation of such traders may result in a more efficient
market, that is, in a smaller final deviation from the desired equilib-
rium, as well as in faster convergence. This remains to be shown,
however.
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